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Abstract. We present an efficient approach to archetypal analysis where
we use sub-gradient algorithms for optimization over the simplex to de-
termine archetypes and reconstruction coefficients. Runtime evaluations
reveal our approach to be notably more efficient than previous tech-
niques. As an practical application, we consider archetypal analysis for
autoencoding.

1 Introduction

Archetypal analysis is a matrix factorization method specifically conceived for
latent factor analysis [8]. Since it allows for dimensionality reduction and sparse
coding alike, it is applicable to feature extraction, clustering, or classification [3].

Contrary to related approaches, latent factors or archetypes found through
archetypal analysis characterize extremes rather than averages. Archetypes do
not rely on implicit density assumptions such as, for example, eigenvectors or
cluster centroids which are tailored towards globally or locally Gaussian data.
Rather, archetypal analysis introduces a form of symmetry into latent factor
modeling: archetypes are convex combinations of data points and data points are
explained as of convex combinations of archetypes.

It is therefore faithful to the nature of data. For instance, archetypes of
non-negative data will be non-negative, too. Also, since archetypes are convex
combinations of actual data, they closely resemble certain data points and thus
do not require reification when interpreted. These properties are appealing in
the sciences [5,16,23,24] as well as in computer vision [2,6,19,21,25,30].

However, computing optimal archetypes is an NP hard problem [1] and even
though efficient approximations have become available [3,10,20,22,26], consider-
able computational costs still hamper the broader use of the method.

In this paper, we address this issue and propose a novel, highly efficient al-
gorithm for archetypal analysis. Applying sub-gradient procedures for quadratic
optimization over the simplex we observe clear runtime gains over previous meth-
ods so that archetypal analysis becomes applicable to very large data sets. As a
corresponding practical application, we present and discuss first experiments on
archetypal analysis as an autoencoder for joint feature learning in image analysis.
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2 Archetypal Analysis, Properties, and Algorithms

The basic setting for archetypal analysis is as follows: Given an m × n data
matrix X = [x1,x2, . . . ,xn] and an integer k ≤ min{m,n}, determine a column
stochastic n × k matrix B and a column stochastic k × n matrix A such that
X ≈XBA = ZA.

The columns zj of the m× k matrix Z are called the archetypes of the data.
Since the column vectors bj of B are stochastic, the entries of B obey

bij ≥ 0 ∧
n∑

i=1

bij = 1 (1)

and each archetype zj = Xbj is a convex combination of the data vectors in X.
As the column vectors ai of A are stochastic, too, the entries of A obey

aji ≥ 0 ∧
k∑

j=1

aji = 1 (2)

and we realize that archetypal analysis approximates each data vector xi ≈ Zai

as a convex combination of the archetypes in Z.
The problem of computing archetypal analysis can be cast as the following

constrained quadratic optimization objective

min
A,B

E =
∥∥X −XBA

∥∥2 (3)

subject to the constraints in (1) and (2)

which is an NP-hard Euclidean sum of square clustering problem [1]. While E is
convex in either A or B, it is not convex in their product AB and typically has
numerous local minima. Known solution strategies therefore randomly initialize
both factor matrices and update them iteratively; we shall briefly discuss these
algorithms below but first review some of the properties of archetypal analysis.

2.1 Properties of Archetypal Analysis

In [8], Cutler and Breiman prove that, if k = 1, the only archetype coincides with
the sample mean; for k > 1, archetypes necessarily reside on the data convex
hull and increasing the number of archetypes improves the approximation of the
data convex hull (see Fig. 1).

Once suitable archetypes have been determined, each data point xi can either
be reconstructed exactly or approximated as a convex combination of the zj

(see Fig. 2). As the corresponding coefficient vector ai is stochastic, it can be
interpreted as a distribution over the archetypes and thus be embedded in a
simplex spanned by the archetypes (see Fig. 2). This allows for soft clustering or
classification since the coefficients aji correspond to probabilities p(xi|zj) which
indicate membership to classes or concepts represented by the archetypes zk.
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(a) 100 data points xi ∈ R2

and their convex hull
(b) k = 3 archetypes and re-
spective archetypal hull

(c) k = 5 archetypes and re-
spective archetypal hull

Fig. 1: Archetypal analysis approximates the convex hull of a set of multivariate
data. Increasing the number k of archetypes improves the approximation.

2.2 Traditional Algorithms for Archetypal Analysis

Cutler and Breiman [8] proposed an alternating least squares approach where
they randomly initialize B and solve (3) for A. Given A, they solve (3) for B
and repeat. This procedure provably converges towards a local minimum and can
be implemented using common solvers for quadratic programming. For better
efficiency, Bauckhage and Thurau [3] suggested intelligent initialization strategies
and an active set algorithm and thus achieved significant accelerations.

Morup and Hansen [20] proposed an alternating projected gradient approach.
Observing that

E =
∥∥X −XBA

∥∥2 = tr
[
XTX − 2XTXBA + ATBTXTXBA

]
(4)

we have ∇AE = 2
[
ZTZA − ZTX

]
and ∇B E = 2

[
XTXBAAT −XTXAT

]
so that archetypal analysis can also be computed by means alternating updates
A← A− ηA∇A and B ← B− ηB∇B where ηA and ηB are step size parameters.
Since the gradient steps may lead out of the constraint sets, updated columns
of A and B might not be stochastic and need to be projected back into their
feasible regions which are the standard k and standard n simplex, respectively.
Morup and Hansen, too, consider intelligent initializations for which they resort
to the FASTMAP heuristic [11].

The methods in [3,20] run much faster than the original one [8]. Still, they
invoke rather costly quadratic optimization routines or require costly projections
of gradients onto a feasible set. Next, we propose an approach to archetypal
analysis that avoids such overhead.
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(a) visualization of the residual sum of
squares (3) and simplicial embedding of
coefficient vectors for k = 3
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(b) visualization of the residual sum of
squares (3) and simplicial embedding of
coefficient vectors for k = 4

Fig. 2: While data inside an archetypal hull can accurately be expressed as convex
combinations of archetypes, the constraints in (2) cause data on the outside to
be mapped to the nearest point on the hull. For data point xi, the coefficient
vector ai is stochastic and thus resides in a simplex whose vertices correspond
to the archetypes zj .

Algorithm 1 greedy Frank-Wolfe procedure to compute matrix A whose
columns reside in the simplex ∆k−1

Require: data matrix X, matrix of archetypes Z, and parameter tmax ∈ N
A← [e1, e1, . . . , e1] where e1 = [1, 0, . . . , 0]T ∈ Rk // initialize k × n matrix A
t← 0
repeat

G = ∇A E = 2
[
ZTZA−ZTX

]
// compute gradient matrix

for i ∈ {1, . . . , n} do // update columns ai of A
j = argminl Gil

ai ← ai + 2/(t + 2) · (ej − ai)

t← t + 1
until updates “become small” or t = tmax

3 Rapid Archetypal Analysis

Our main observation w.r.t. the problem of efficient archetypal analysis is that
the columns ai of A and the columns bj of B reside in the standard simplices
∆k−1 and ∆n−1, respectively. In other words, the columns of either factor matrix
are elements of a convex set. Furthermore, if the factor matrices are determined
in an alternating manner, that is in a manner where we assume Z = XB
to be given in order to update our current estimate of A and then fix A to
update our current estimate of B, the objective function in (3) becomes convex
in either A or B. This, however, is to say that both update steps constitute a
convex minimization problem over a convex set and can thus be tackled using
the efficient Frank-Wolfe procedure [12].

Our idea is thus to refrain from using elaborate quadratic programming but
to harness the efficiency of computing gradients ∇AE and ∇B E while avoiding

https://www.researchgate.net/publication/229760450_An_Algorithm_for_Quadratic_Programming?el=1_x_8&enrichId=rgreq-333b0c82cf65b9346c850a4c87947f11-XXX&enrichSource=Y292ZXJQYWdlOzI4MjczMzIwNztBUzoyODMzOTM4MjU3NTUxMzdAMTQ0NDU3Nzc2MTQwMg==


Algorithm 2 greedy Frank-Wolfe procedure to compute matrix B whose
columns reside in the simplex ∆n−1

Require: data matrix X, matrix of coefficients A, and parameter tmax ∈ N
B ← [e1, e1, . . . , e1] where e1 = [1, 0, . . . , 0]T ∈ RN // initialize n× k matrix B
t← 0
repeat

G = ∇B E = 2
[
XTXBAAT −XTXAT

]
// compute gradient matrix

for j ∈ {1, . . . , k} do // update columns bj of B
i = argminl Gjl

bj ← bj + 2/(t + 2) · (ei − bj)

t← t + 1
until updates “become small” or t = tmax

costly back projections into the feasible set. This can be accomplished if sub-
gradient updates are performed along affine directions ej−ai and ei−bj within
the simplices ∆k−1 and ∆n−1, respectively. In a nutshell, this idea leads to the
update algorithms 1 and 2 which are variants of a recent algorithm by Clarkson
[7] which itself is a variant of the celebrated Frank-Wolfe procedure. A detailed
analysis of this algorithm is beyond the scope of this paper but we point out that
it quickly achieves ε-approximations of the optimal solution that are provably
sparse. For a recent excellent survey of projection-free convex optimization, we
refer to [17].

In extensive runtime evaluations (whose details we omit due to lack of space),
we examined the behavior of this new algorithm under various choices of the
number n of data, the dimensionality m of data, and the number k of archetypes
to be determined and found our approach to be two to three orders of magnitude
faster than the previous methods in [3,20].

4 Application: Archetypal Analysis as an Autoencoder

In this section, we consider a practical application of archetypal analysis in the
context of feature learning. Given that our new algorithm is much faster than
previous methods, it now appears practical to apply archetypal analysis not only
to sets of images [25] but to considerably larger sets of image patches.

Our application example is motivated by the observation that neural net-
works are back with a vengeance! Owing to the recent success of deep learning
architectures in computer vision, speech recognition, or automatic translation
[9,13,14,15,18,27,28,29], research in these fields currently undergoes a paradigm
shift. At the heart of many deep learning architectures especially for image anal-
ysis is the idea of using autoencoders for feature learning.

Looking at the overall objective of archetypal analysis, namely to find factor
matrices such that X ≈XBA, we realize that it is indeed an autoencoder that
maps X onto itself and the preliminary experiments in this section are intended
to fathom the potential of archetypal analysis for joint feature learning.
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(a) training (b) test

Fig. 3: Image patches (16× 16 pixels) for archetypal autoencoding experiments.

(a) k = 4 archetypes (b) k = 9 archetypes (c) k = 16 archetypes

(d) k = 64 archetypes (e) k = 256 archetypes (f) k = 1024 archetypes

Fig. 4: Results of archetypal autoencoding using a growing number of archetypes.
Note that the images on the left of each panel visualize archetypal image patches
of size 16× 16 in each case.

Figure 3(a) shows four images from which we extracted a total of 3844 patches
of size 16 × 16 pixels which we represent in terms of data vectors xi ∈ R256.
Greedy archetype computation on this data set runs in mere fractions of a second
and, for k ∈ {4, 9, 16, 64, 256, 1024} it determines the archetypes shown to the
left of each panel in Fig. 4. Interestingly, especially for growing k, archetypes
appear to be natural realizations (i.e. actual parts of images) of edge filters and
the propensity of autoencoders to learn edge features is sometimes heralded as
a special characteristic of deep learning approaches [18,27]. Seen from the point
of view of archetypal analysis, however, archetypal image patches are extreme
in that they consist of very dark and very bright pixels, a condition typical for
edges. This has already been noted in [3] and confirms early observations on
neural feature learning [4].

Figure 3(b) shows a test image which we also subdivided into patches of size
16 × 16 and tried to reconstruct in terms of the archetypes determined from
the training images. The corresponding results can be seen on the right of each
panel in Fig. 4. As one would expect, for a growing number of archetypes, the
reconstructions become better and we note that the reconstruction in Fig. 4(f)
is actually an instance of sparse coding where the number of archetypes (1024)
far exceeds the dimension of the data (256). Still, our algorithm did compute
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this reconstruction in less than a second. Overall, these results suggest that
archetypal analysis allows for joint feature learning for image representation.
Archetypes were determined on training images independent from the test image,
indicate edges like structures, and allow for reasonable reconstructions of the test
image. Given the favorable runtime characteristics of the algorithm proposed in
this paper, these results therefore point at new directions for feature learning.

5 Conclusion

We addressed efficient archetypal analysis and proposed an approach based on
sub-gradient computations inspired by the Frank-Wolfe algorithm.

As a practical application of our novel algorithm, we considered the use of
archetypal analysis as an autoencoder for joint image feature learning. Archetypes
were determined from a set of training images, were observed to represent edges
or contours, and allowed for convincing reconstructions of test images. Running
on the CPU of a single computer rather than on graphics hardware, our algo-
rithm processed thousands of images patches in less than a second. Our results
thus hint at possible applications of archetypal analysis in machine learning. In
ongoing work, we are currently exploring the use of hierarchies of archetypal au-
toencoders where features learned on a lower level of the hierarchy are combined
and form the input for the autoencoder on the next level so as to learn semantic
representations of image content that are similar in spirit to those obtained from
deep learning architectures.
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